Abstract. We study the asymptotic behavior of the asymptotic translation lengths on the curve complexes of pseudo-Anosov monodromies in a fibered cone of a fibered hyperbolic 3-manifold M with b1(M ) ≥ 2. For a sequence (Σn, ψn) of fibers and monodromies in the fibered cone, we show that the asymptotic translation length on the curve complex is bounded above by 1/χ(Σn)
Introduction
The curve complex C(Σ) of a hyperbolic surface Σ is the simplicial complex whose vertex set is the set of isotopy classes of essential simple closed curves in Σ, and k-simplex is formed by k+1 distinct vertices whose representatives can be realized as mutually disjoint curves. We focus on the 1-skeleton of this complex and we also call it the curve graph of Σ. For a homeomorphism ψ of Σ, the asymptotic translation length l ψ of ψ on C(Σ) is defined by
where α is an essential simple closed curve in Σ. It is not hard to see that this is independent of the choice of α. Masur-Minsky [MM99] showed that ψ is pseudo-Anosov if and only if l ψ > 0, and Bowditch [Bow08] proved that for a pseudo-Anosov ψ, l ψ is a rational number with bounded denominator depending on the surface Σ. Its relation to the translation distance on Teichmüller space has been studied in [GHKL13, AT15, Val17] , and asymptotic behavior of the minimal asymptotic translation length for a given surface Σ has been studied in [GT11, Val14] . More precisely, let Mod(Σ g ) be the mapping class group of the closed surface Σ g of genus g and for any H ⊂ Mod(Σ g ), let L C (H) be the minimum of l ψ among pseudo-Anosov homeomorphisms ψ with [ψ] ∈ H.
Then we have
where F (g) ≍ G(g) implies that there exists a constant C > 0 so that 1/C ≤ F (g)/G(g) ≤ C.
Let (Σ n , ψ n ) be a sequence of fibers and monodromies in the fibered cone of a hyperbolic fibered 3-manifold M . We say (Σ n , ψ n ) has small asymptotic translation length if l ψn is bounded from below and above by constant multiples of 1/χ(Σ n ) 2 , where the constant depends only on the fibered cone. Recently, the second author and Eiko Kin [KS17] produced a family of sequences with small asymptotic translation length. As an application, they showed that the sequences of minimal asymptotic translation lengths in hyperelliptic mapping class group and hyperelliptic handlebody group, respectively, of the closed surface Σ g have small asymptotic translation length.
In this paper, we generalized the method and result in [KS17] into sequences in a proper subcone of the fibered cone (i.e., a subcone whose closure is contained in the interior of the fibered cone with the exception of the origin 0).
More precisely, our main result of this paper is as follows.
Theorem 5. Let M be a hyperbolic fibered 3-manifold, and let P be a proper subcone of a fibered cone. Let L be a rational subspace of H 1 (M ) whose intersection with P is of dimension r+1. Then for any pseudo-Anosov map ψ α : S g → S g induced by any primitive integral element α ∈ L ∩ P , the translation length on the corresponding curve complex satisfies
where g is the genus.
Here F (g) G(g) implies that there exists a constant C > 0 such that
When r = 1, for a sequence as in Theorem 5, we have l ψα 1/g 2 . On the other hand, due to [GT11] , for any pseudo-Anosov homeomorphism ψ of Σ g , we have l ψα 1/g 2 . Therefore we have the following consequence. Corollary 1. Let {α n } be a sequence of primitive cohomology classes in H 1 (M ; Z) such that it is contained in the 2-dimensional proper subcone of a fibered cone. Let (Σ n , ψ n ) be the corresponding fiber and pseudo-Anosov monodromy. Then it has small asymptotic translation length, that is,
The above results are the best one can hope for in the sense that one cannot get this asymptotics for all sequences in the fibered cone. More precisely, there exists a sequence of primitive cohomology classes in the fibered cone which projectively converges to the boundary of the fibered face and l ψn ≍ 1/χ n , where ψ n is the corresponding monodromy and χ n is the Euler characteristic of the fiber (see [Hir, Section 5 .4], in particular, Proposition 5.6 for the description of the sequence, and see [GHKL13, Section 4] for the behavior of asymptotic translation lengths on the curve complex).
As an application, we show that the handlebody mapping class group H g and the set ∆ g of pseudo-Anosov mapping classes whose homological dilatation is one admit a sequence in terms of g with small asymptotic translation length. Hence we obtain the following consequences.
In the case for the handlebody mapping class groups, it was obtained in [KS17] by constructing a specific sequence satisfying the condition of their main result. We observe that it also follows directly from our main theorem and sequences constructed in [Hir11] . [McM00]). Let Σ be a connected component of the lift of Σ in M . The deck group Λ is Z r+1 where r is the rank of the invariant homology H 1 (Σ) inv of ψ, such that the first r generators, denoted by H i , are from invariant homology classes on Σ while the last one, denoted by Ψ, sends Σ to F ( Σ, 1). Let h i be the restriction of H i on Σ, then Σ is a Z r -fold cover of Σ where the deck transformation group is generated by h 1 . . . h r . Let ψ be a lift of ψ under this covering defined as · → Ψ −1 F(·, 1).
Thurston's fibered cones
Let α = (p 1 , . . . p r , n) be a primitive element with respect to the basis {H 1 , . . . H r , Ψ} in the fibered cone in H 1 (M ) containing the original monodromy element. Let α ⊥ ⊂ Λ be the subgroup of Λ consisting of elements which vanish when pairing with α. Let β 1 , . . . β r be a basis for α ⊥ , say
Now let π α : M → S 1 be the fibering over the circle corresponding to α, in other words, a fibering so that the pullback of the standard generator of H 1 (S 1 ) is α. Let M α be the pullback of this bundle over the universal covering map R → S 1 . Then M α → M is a free abelian cover of M and both it and M /α ⊥ → M has identical kernels in their induced map in H 1 , both generated by α,
Proof. By construction, we can identify Σ ′ with a fiber Σ ′′ of M α → R. Let Σ ′′ be the lift of Σ ′′ under the covering M → M /α ⊥ . Then we have Σ ′′ = Σ ′′ /α ⊥ . Because of the assumption that α is in the fibered cone, Σ ′′ is transverse to the flow F. Hence under that flow it can be identified with Σ and this identification conjugated β i into b i .
Proof. Pass to the covering M and, similar to the previous lemma, identify a component Σ ′ of the life of Σ ′ with Σ via the flow F , then the map Ψ −1 F(·, 1) on Σ ′ becomesψ under this identification because deck group actions commutes with the flow F. Now define the lift ψ as sending a point in Σ ′ to the first intersection between the flow line starting at that point with some image of Σ ′ under the deck group Λ (which is identified with Σ ′ via a deck group action), then the Lemma follows because by the construction of Thurston's fibered cone ψ α is the first return map of flow F on Σ ′ , and by our assumption on α the flow F for time 1 would hit Σ ′ transversely exactly n times.
Remark. All the definitions and results above works for a free abelian cover M → M that is not maximal. In that case Λ = H ⊕ Z where H is a free abelian quotient of H 1 (Σ) inv and α is in the dual of such quotient. Hence, if it is known that α is in some rational subspace L ⊆ H 1 (M ) which contains the element corresponding to the suspension flow, one can carry out all the constructions as above using not the maximal free abelian cover but a Z dim(L) cover instead.
The relationship between ψ and the fibered cone
Let r be the dimension of some quotient H of the invariant homology H 1 (Σ) inv . Consider a Z r -fold covering of the surface Σ (the covering whose deck group is H), denoted by Σ, and label the fundamental domains by some vector x ∈ H = Z r as D x . Let Ω( ψ p ) be the convex hull of {x :
Then we can use Ω( ψ p ) to describe the dual of the fibered cone of the 3-manifold M as follows.
Proposition 4. There is a uniform constant C > 0 which does not depend on p such that the set ∪ p Ω( ψ p ) × p ⊂ Z r+1 = H 1 (M ) is contained in the C-neighborhood of the dual of the fibered cone.
Proof. First we assume r = 1. Let N 1 (p), N 2 (p) be two integer valued function such that Ω( ψ p ) = [N 2 (p), N 1 (p)] and without loss of generality, we always assume that N 2 (p) ≤ N 1 (p). The proposition in this special case can be proved via the following two steps.
Step 1. Reduce to the train-track maps: Let τ be the invariant train-track of ψ. Let τ and ψ be the Z-fold cover of τ and the corresponding lift of the train-track map to this Z-fold cover, respectively. We further let τ n = τ ∩D n be the fundamental domains. Let N ′ 1 (p) = inf{n : τ n ∩ ψ p (τ 0 ) = ∅}, and
because if the image of D 0 under ψ p passes through two fundamental domains D x−1 and D x+1 , it must pass through D x too and projects to something non-empty on τ x ).
Step 2. Relate N ′ i with the shape of the fibered cone: Consider the incidence matrix M ψ of ψ as a Z[t, t −1 ]-valued matrix of size n×n, where t is the symbol used to denote the different fundamental domains. Then the maximal degree among entries of ψ p is N ′ 1 (p) and the minimal degree is N ′ 2 (p). Let F (x, t) = det(M ψ − xI) be the characteristic polynomial of the matrix M ψ , and let the maximal and minimal t-degree of the coefficient of x n−k in 
By the definition of characteristic polynomials,
On the other hand, suppose M ψ k has no zero entries. Then by multiplying by ψ k if necessary, one knows that for p > k, the highest and the lowest tdegree of the n×n entries in M ψ p are all bounded within N 1 (k)−N 2 (k) = C from each other. Hence, the highest t degree of T r(M ψ p ) is not less than N 1 (p) − C, which by definition is a 1 (p). Hence
Now let us consider the general case (i.e., r is no longer assumed to be 1). Recall that the dual of the fibered cone is a rational convex polytope. Let F 1 , . . . , F ℓ be its faces. For each F i , choose a 1-dimensional subspace L i of H which is perpendicular to F i . Then the case of r = 1 above shows that there exists C > 0 which does not depend on p so that the projection of the set ∪ p Ω( ψ p ) × p onto L i is in the C-neighborhood of the projection of the dual of the fibered cone onto L i for each i. Since the dual of the fibered cone is a convex rational polytope, this implies that indeed the set ∪ p Ω( ψ p ) × p is contained in the C-neighborhood of the dual of the fibered cone.
Remark. In fact, one can strengthen the statement of the proposition to conclude that ∪ p Ω( ψ p ) × p and the dual of the fibered cone are at most C Hausdorff distance apart.
Small asymptotic translation lengths in the fibered cone
In this section we always consider Z m to be the standard lattice in R m with the Euclidean geometry, and let d(·, ·) be the Euclidean distance. Furthermore, we identify Λ with Z r+1 as in section 1. Now we prove the main theorem.
Theorem 5. Let M be a hyperbolic fibered 3-manifold, and let P be a proper subcone of a fibered cone. Let L be a rational subspace of H 1 (M ) whose intersection with P is of dimension r + 1. Then for any pseudo-Anosov map ψ α : S g → S g induced by any primitive integral element α ∈ L ∩ P , the translation length on the corresponding curve complex satisfies
In particular, when r = 1 this is the best possible asymptotic upper bound due to the lower bound by [GT11] . We conjecture that this is also the optimal asymptotic upper bound in the case of r > 1.
Conjecture 1. For every r > 1, there exists a fibered hyperbolic 3-manifold M with the first Betti number greater than r + 1, a proper subcone of one of its fibered cones P , a rational subspace L of H 1 (M ) of dimension r + 1, and a sequence {α j } of primitive elements in L ∩ P such that if ψ α j : S g j → S g j is induced by α j for all j, then l ψα j g j −1−1/r .
Proof of Theorem 5. Use the same notation as in Section 1 and 2. For any map φ : Σ → Σ, let Ω(φ) be the convex hull of {x : D x ∩ φ(D 0 ) = ∅}. Let Γ be the free abelian group generated by b 1 , . . . b r , and let ζ : Γ → Z r be the homomorphism sending b = h x 1 1 . . . h xr r ψ y to (x 1 , . . . , x r ). Then we have:
Lemma 6. There is some ǫ > 0 so that for any b = h
Proof. Because α is in a proper subcone of the fibered cone, the point (x 1 , . . . , x r , y) corresponding to b lies outside a cone that contains the dual cone as a proper subcone. The lemma then follows from Proposition 3.
Let L be the image of ζ. Then we have:
Lemma 7. The covolume of L is n.
Proof. The sublattice α ⊥ together with any vector not on the plane spanned by α ⊥ forms a sublattice in Z r+1 and hence it has a nonzero integer as its covolume. Since α is primitive, there must be some other primitive integer element α ′ so that its inner product with α is 1, which means that α ′ is distance 1/|α| from the plane spanned by α ⊥ . Therefore the covolume of α ⊥ is greater than |α| = n 2 + i p 2 i ≥ n. Note that L is the orthogonal projection of α ⊥ and the angle between the planes they span is bounded because α is in a convex cone. Hence its covolume is n.
Lemma 8. For n >> 0, there is some y so that the distance from y to {0} ∪ b∈ b 1 ,...br Ω(b) is n 1/r .
Proof. Let n → ∞. By Lemma 6, either the lattice L does not degenerate, i.e., its systole (minimal distance between lattice points) is ∼ n 1/r or it degenerates, i.e., its systole grows slower than n 1/r . In the former case, due to Lemma 5, one can find a ball centered at 0 with radius ∼ n 1/r that does not intersects with the Ω(b), and y can be found inside this ball. In the second case, the degeneration means that there is some sublattice L ′ with small covolume and that the cosets of L ′ are distance η(n) apart where η grows faster than n 1/r . Then y can be found as a point that is Cn 1/r -away from 0 and almost orthogonal to the subspace spanned by L ′ yet less than ǫη(n) away from 0 for some ǫ << 1 as in Lemma 5.
Let γ be a simple closed curve in D 0 and let γ ′ a simple closed curve in D y . By Lemma 7 and Proposition 3, we know that there is some C > 0 so that ψ Cn 1/r (γ ′ ) is disjoint from γ as well as b(γ) for every b ∈ b 1 , . . . b r . By Lemma 2 and 3 in Section 1, this means that both γ ′ and ψ n·Cn 1/r α (γ ′ ) are distance 1 from γ, hence the asymptotic translation length l α is bonded above by 2 Cn 1+1/r ∼ g −1−1/r .
Applications
In this section we use our main theorem to determine the asymptotes of minimal asymptotic translation lengths of some subgroup/subset of Mod(Σ g ).
Let H g be the handlebody mapping class group of the closed surface σ g of genus g. Then we obtain a different proof of the following result of [KS17,
Proof. This is a direct consequence of Corollary 1 and the proof of Theorem 1.2 of [Hir11] . More precisely, we can choose a sequence contained in a rational subspace of 2-dimensional fibered cone as in Theorem 4.1 of [Hir11] .
Then our corollary gives an asymptotic bound of 1 g 2 .
Let ∆ g be the subset of Mod(Σ g ) consisting of pseudo-Anosov mapping classes whose homological dilatation is one. Then we have Proof. This follows from Corollary 1 and the proof of Theorem 1.3 of [Hir11] . The construction of the sequence that realizes the asymptotic upper bound is done in Lemma 5.1 of [Hir11] , which is contained in a rational subspace of 2-dimensional fibered cone. Hence our corollary gives an asymptotic bound of 1 g 2 .
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